Let p be an odd prime and F∞ a p-adic Lie extension of a number field F with Galois group G. Suppose that G is a compact pro-p p-adic Lie group with no torsion and that it contains a closed normal subgroup H such that G/H ∼ = Zp. Under various assumptions, we establish asymptotic upper bounds for the growth of p-exponents of the class groups in the said p-adic Lie extension. Our results generalize a previous result of Lei, where he established such an estimate under the assumption that H ∼ = Zp.
Introduction
In this paper, p will always denote an odd prime. If N is a finite abelian p-group, we shall write e(N ) = log p |N |. Fix once and for all an algebraic closureQ of the rational field Q. Therefore, an algebraic (possibly infinite) extension of Q will mean an subfield ofQ. A finite extension F of Q is then said to be a number field. For every number field F , denote by Cl(F ) the ideal class group of F . We can now state the following celebrated asymptotic class number formula of Iwasawa [10] which is the main motivation behind this paper.
Theorem (Iwasawa) . Let F ∞ be a Z p -extension of a number field F . Denote F n to be the intermediate subfield of F ∞ with index |F n : F | = p n . Then there exist µ, λ and ν (independent of n) such that e(Cl(F n )[p ∞ ]) = µp n + λn + ν for n ≫ 0.
Subsequently, this result was generalized by Cuoco and Monsky to the case of a Z d p -extension (cf. [4, Theorem I] ; also see [17, Theorem 3.13] ). A common feature in the proofs of these formulas lies in the utilization of the structural theory of finitely generated modules over the commutative Iwasawa algebras.
In view of these results, the next natural direction of investigation is to consider the case of a noncommutative p-adic Lie extension F ∞ /F . Unfortunately, over a noncommutative Iwasawa algebra, one does not have a nice enough structural theory of modules to work with (see [2, 3] ). One case where we do have such a structure theorem over noncommutative Iwasawa algebras, thanks to Howson [9] and Venjakob [20] , is when the module is finitely generated p-torsion. Building on this, Perbet [19] was able to prove certain results in this direction which we now describe. Let F ∞ be a Galois extension of a number field F , whose Galois group G = Gal(F ∞ /F ) is a compact pro-p p-adic Lie group without p-torsion.
Denote by d the dimension of G. Let M be the maximal abelian unramified pro-p extension of F ∞ . By maximality, M is a Galois extension of F . Write X = Gal(M/F ∞ ) and Y = Gal(M/F ). The extension 1 −→ X −→ Y −→ G −→ 1 of groups induces a natural action of G on X via conjugation by a lift in Y which in turn gives X a Z p G -module structure. It is well-known that X is a finitely generated Z p G -module (for instance, see [19, Proposition 3.1] ). By the work of Venjakob [20] , there is a notion of Z p G -rank of such modules. Furthermore, the works of Howson [8, 9] and Venjakob [20] enable one to attach an Iwasawa µ G -invariant to X . With these, Perbet was able to prove the following theorem which, for ease of exposition, we state in a slightly simplified form.
Theorem (Perbet) . Let F ∞ be a p-adic-extension of a number field F with Galois group being a uniform pro-p group of dimension d. Denote by F n the intermediate subfield of
Then we have
We emphasis that Perbet's result is concerned with the growth of Cl( Recently, a great deal of research activities in noncommutative Iwasawa theory have been revolving around a p-adic Lie extension whose Galois group G contains a closed normal subgroup H such that G/H ∼ = Z p (for instance, see [2, 8, 21] ). Following [2] , we say that X satisfies the M H (G)-property if
is finitely generated over Z p H , where here X (p) is the p-primary submodule of X . Note that in the event that X satisfies the M H (G)-property, it is then necessarily Z p G -torsion. Therefore, Perbet's theorem in this situation yields e(Cl(
The goal of this paper is to utilize structure theory of p-torsion modules to elucidate the error terms further. Our main result is as follows, where we succeed in at least obtaining an asymptotic upper bound.
Theorem (Theorem 3.1). Let F ∞ be a p-adic-extension of a number field F , where the Galois group G = Gal(F ∞ /F ) is a uniform pro-p group of dimension d and contains a closed normal subgroup H such that G/H ∼ = Z p . Denote F n to be the intermediate subfield of
In the case when H ∼ = Z p , this was established by Lei [12, Corollary 6.2] under certain extra ramification conditions on the primes at p. Therefore, our result is a natural generalization of this previous result of Lei.
We should mention that only very recently, an asymptotic formula in the spirit of Iwasawa and CuocoMonsky was obtained for Z r p ⋊ Z p -extension under the stronger assumption that X is finitely generated over Z p H (see [12, 13] ) plus some extra ramification conditions. In these works, the authors relies heavily on the structure theory of Z p H -modules, where in those situations one has H ∼ = Z r p . This unfortunately does not apply in our noncommutative situation considered in this paper. Despite this, it might be of interest to ask if we can still say anything in the noncommutative situation under the Z p Hfinite generation assumption. This is the content of the next result, where we obtain an asymptotic upper bound with an error of O(np
Theorem (Theorem 3.2). Let F ∞ be a p-adic-extension of a number field F , where the Galois group
In the final section of the paper, we conclude with some examples. We mention that although some of the examples considered are p-adic Lie extensions with Galois group Z p ⋊ Z p , the results of Lei or Liang-Lim do not apply to these due to the extra ramification condition imposed in those results.
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Algebraic preliminaries
As before, p will denote an odd prime. Let G be a compact pro-p p-adic Lie group with no p-torsion.
The completed group algebra of G over Z p is then defined by
where U runs over the open normal subgroups of G and the inverse limit is taken with respect to the canonical projection maps. Under these said assumptions, it follows that Z p G is an 
We say that the
Note that every subquotient of a torsion Z p G -module (resp., pseudo-null Z p G -module) is also torsion (resp., pseudo-null) (see [20, Propositions 3.5(ii) and 3.6(ii)]).
Writing F p for the finite field of order p, the completed group algebra of G over F p is given by
where U runs over the open normal subgroups of G and the inverse limit is taken with respect to the canonical projection maps. Since we are assuming that G is pro-p without p-torsion, it follows that We now define the notion of the Iwasawa µ G -invariant. For a given finitely generated Z p G -module M , we write M (p) for the Z p G -submodule of M which consists of elements of M that are annihilated by some power of p. As seen in the previous paragraphs, the rings Z p G and F p G are Auslander regular and have no zero divisors. Therefore, we may apply [9, Proposition 1.11] (see also [20, Theorem 3 .40]) to conclude that there is a Z p G -homomorphism
whose kernel and cokernel are pseudo-null Z p G -modules, and where the integers s and α i are uniquely
Let d denote the dimension of the group G. We shall once and for all fix an open normal uniform subgroup G 0 of G. Such a group exists by virtue of Lazard's theorem (see [5, Corollary 8.34] ). In the event that G is already a uniform group, we shall take G 0 = G. We then write G n for the lower p-series P n+1 (G 0 ) which is defined recursively by P 1 (G 0 ) = G 0 , and
It follows from [5, Thm. 3.6] that G p i = P i+1 (G) and that we have an equality |G 0 : P 2 (G 0 )| = |P i (G 0 ) :
. It is not difficult to verify that |G :
where d = dim G. We now record the following lemma whose proof is left to the readers as an exercise.
Lemma 2.1. Let M be a finitely generated Z p G -module. Then M is finitely generated over
From now on, we further suppose that the group G contains a closed normal subgroup H with the property that Γ := G/H ∼ = Z p . Since Lemma 2.2. For every n ≥ 1, we have H n = H ∩ G n and G n /H n ∼ = Γ n .
Proof. It clearly suffices to prove the lemma for the case G = G 0 is uniform. Then since H and G are uniform, we have H n = H p n and G n = G p n (cf. [5, Theorem 3.6] ). Clearly, we have H
Conversely, let h ∈ H ∩ G p n . Then there exists g ∈ G such that h = g p n which in turn implies that the coset gH is a torsion element in G/H. But since G/H ∼ = Z p has no p-torsion, we have g ∈ H, and hence h ∈ H p n . This proves the first equality. For the second equality, we simply observe that
Following [2] , we say that a finitely generated Z p G -module M satisfies the M H (G)-property if
is finitely generated over Z p H . For a finite Z p -module N , we write e(N ) for the p-exponent of N , i.e., |N | = p e(N ) . We can now state the main algebraic results of this section.
Proposition 2.3. Let G be a compact pro-p p-adic Lie group without p-torsion. Suppose that G contains a closed normal subgroup H with the property that Γ := G/H ∼ = Z p . Let M be a finitely generated Z p G -module which satisfies the M H (G)-property. Then we have
Proof. In view of Lemma 2.1, it suffices to prove the theorem under the assumption that G (and hence H) is a uniform pro-p group with G n ∩ H = H n which we will do. Note that under this assumption, we have Γ n = G n /H n . Now since the ring Z p G is Noetherian, the submodule M (p) is certainly finitely generated over Z p G . Therefore, one can find an integer t such that p t annihilates M (p). Let n ≥ t.
Consider the following commutative diagram
with exact rows. Note that the rightmost vertical map is injective, and by our choice of n, the leftmost vertical map is zero. The snake lemma therefore gives a short exact sequence
As G n is an open subgroup of G, the above short exact sequence is also a short exact sequence of finitely generated Z p G n -module. Upon taking G n -invariant, we obtain an exact sequence
of finitely generated Z p -modules (cf. [16, Lemma 3.2.3] ). On the other hand, since every module appearing in this exact sequence is annihilated by p n , the exact sequence is a sequence of finite Z p -modules. Hence we have an inequality
By [15, Theorem 2.5.1], we have
It therefore remains to estimate e((M f /p n ) Gn ). Since M f is finitely generated over Z p H , we may apply
Hn is finite by a similar argument as above. It then follows from this that we have an inequality
Combining all these estimates, we have the required bound of the proposition.
The next result is a variant of the preceding result which gives an estimate under a stronger hypothesis on the structure of our module M . Proposition 2.4. Let G be a compact pro-p p-adic Lie group without p-torsion. Suppose that G contains a closed normal subgroup H with the property that Γ := G/H ∼ = Z p . Let M be a Z p G -module which is finitely generated over Z p H . Then we have
Proof. By a similar argument to that in Proposition 2.3, we have
On the other hand, we have
where the last equality follows from an application of [15, Theorem 2.5.1]. Combining these two estimates, we obtain the required bound of the theorem.
We end the section with the another useful estimate.
Lemma 2.5. Let G be a compact pro-p p-adic Lie group without p-torsion.
Proof. By mathematical induction and the long cohomology sequence of the short exact sequence
we have
. This proves the inequalities of the proposition.
Arithmetic setup and the main theorem
We turn to arithmetic. Fix once and for all an algebraic closureQ of Q. Therefore, an algebraic (possibly infinite) extension of Q will mean an subfield ofQ. A finite extension F of Q is called a number field, and we fix one such F as our base field. Let F ∞ be a p-adic Lie extension of F with Galois group G. Suppose that G is pro-p torsionfree and contains a closed normal subgroup H such that Γ := G/H ∼ = Z p .
We shall further assume that our extension F ∞ /F satisfies the following ramification property.
(Ram S ): F ∞ is unramified outside a finite set of primes of F .
Let M be the maximal abelian unramified pro-p extension of F ∞ . By maximality, M is also Galois over F . Write X = Gal(M/F ∞ ) and Y = Gal(M/F ). Clearly, Y/X ∼ = G. There is a natural action of G on X defined as follows: for x ∈ X and g ∈ G, x g := gx g −1 , where g ∈ Y is a lift of g. It is well-known that X is a finitely generated Z p G -module (cf. [19, Proposition 3.1]).
As in Section 2, we shall fix a normal uniform subgroup G 0 of G = Gal(F ∞ /F ) and write G n for the lower p-series of G 0 . The corresponding fixed field of G n is then denoted to be F n . We can now state the following theorem which generalizes [12, Corollary 6.2]. 
Examples
We end the paper discussing some examples to illustrate the results of this paper.
Let F = Q(µ p ) and K = Q(µ p ∞ ). Denote by M K the maximal abelian unramified pro-p extension of K. Write X K for Gal(M K /K). Let λ K denote the Z p -rank of X − K , where here X − K is the minus one eigenspace under complex conjugation. As seen in [7, Example 5.1] , there exist at least λ K Z p -extensions of K which is unramified outside p. Let F ∞ be one of such Z p -extension of K. Then Gal(F ∞ /F ) ∼ = Z p ⋊ Z p . Denote by X = X F∞ the maximal abelian unramified pro-p extension of F ∞ . This is a finitely generated Z p H -module of Z p H -rank ≥ λ K − 1, where H = Gal(F ∞ /K) (cf. [7, Theorem 4.1 and Example 5.1]). Therefore, we may apply Theorem 3.2 to obtain an asymptotic upper bound for the class groups in this tower. We mention that the work of Lei [12] and Liang-Lim [13] do not apply here, since the results there only applied to p-adic extensions which are totally ramified at the prime p and the extension considered clearly do not satisfy this condition.
Similarly, we can also apply Theorem 3.2 to [7, Examples 5.2 and 5.3].
